Abstract. Let G be the automorphism group of an extension F/k of algebraically closed fields of characteristic zero of transcendence degree n, 1 ≤ n ≤ ∞. In this paper we
Structure of G
Let F/k be an extension of countable or finite transcendence degree n, 1 ≤ n ≤ ∞, of algebraically closed fields of characteristic zero, and G = G F/k be its automorphism group.
Following [Jac, ΠIII-III, Sh, I] (and generalizing the case [K1] of algebraic extension), consider G as a topological group with the base of open subgroups given by the stabilizers of finite subsets of F . Then G is a totally disconnected Hausdorff group, and for any intermediate subfield k ⊆ K ⊆ F the topology on G F/K coincides with the restriction of the topology on G. G is locally compact if and only if n < ∞.
The classical morphism β : {subfields F over k} ֒→ {closed subgroups of G}, given by K → G F/K , is injective, inverts the inclusions, transforms the compositum of subfields to the intersection of subgroups, and respects the units: k → G. The image of β is stable under the passages to sup-/sub-groups with compact quotients; β identifies the subfields over which F is algebraic with the compact subgroups of G ( [Jac, ΠIII-III, Sh, I] ).
In particular, the proper subgroups in the image of β are the compact subgroups in the case n = 1.
The map H → F H , left inverse of β, preserves the order, but it is not a morphism. Let AΠ be the set of algebraically closed subfields of F of finite transcendence degree over k. There is a morphism of partially ordered commutative associative unitary monoids (transforming the intersection of subgroups to the algebraic closure of the compositum of subfields) α : {open subgroups of G} −→ → AΠ, uniquely determined by the condition G F/α(U ) ⊆ U and the transcendence degree of α(U ) over k is minimal. Details are in Proposition 2.6.
Theorem 1.1 ([R1]).
(1) The subgroup G • of G, generated by the compact subgroups, is open and topologically simple, if n < ∞. If n = ∞ then G • is dense in G.
(2) Any closed normal proper subgroup of G is trivial, if n = ∞.
Proof. Set k := L 1 ∩ L 2 . Clearly, H contains G F/σ(L 1 ) for any σ ∈ G F/L 2 . As σ(L 1 ) is algebraically closed and L 1 ∩ σ(L 1 ) ⊇ k, it remains to choose σ ∈ G F/L 2 such that σ −1 (L 1 ) ⊆ L 1 and L 1 ∩ σ(L 1 ) = k, and to set L := σ(L 1 ).
Let x ∈ L 1 − k and y ∈ L 1 − k(x). We need σ ∈ G F/L 2 such that σx ∈ L 1 and σ −1 y ∈ L 1 .
If y is not in L 2 (x) then such σ ∈ G F/L 2 , clearly, exists. Let now y be algebraic over L 2 (x). Then x and y are related by a polynomial P (x, y) = 0 with coefficients in L 2 . Let us enumerate the non-zero coefficients of P by a set {0, . . . , N }. We shall assume that the polynomial
It remains to show that the whole space F N is the linear envelope of the vectors (
λ s σx is σy js = 0 for σ ∈ G F/L 2 as above, then we may assume that λ 1 = 1 and the number M of non-zero λ s is minimal: M s=1 λ s σx is σy js = 0. Subtracting from this equality its image under the action of an appropriate σ ′ , we get that
, contradicting the minimality of the polynomial P .
Proof. The set of algebraically closed subfields of L, not containing L 1 and such that
Proof. This is a version of Lemma 2.16 from [R1] . We may assume that L 2 is a proper
It follows that H is a normal subgroup of G. If n = ∞ then the topological group G is simple (Theorem 2.9, [R1] ), i.e., H is dense in G. If n < ∞ then, according to the same Theorem 2.9, [R1] , the topological group G • is also simple, and thus, the closure of H contains G • . It is known (Lemma 2.15, [R1] 
e., the closure of H again coincides with G.
Proof. According to Corollary 2.2, there exists an algebraically closed subfield
We deduce from this that the closure of H contains some G F/L of the desired type.
Proof. We may assume that L 2 does not contain L 1 , and 
L be of minimal possible transcendence degree. For any σ ∈ H the group H contains the closure of the subgroup generated by G F/L and G F/σ(L) . Then according to Proposition 2.5,
Let us check the maximality of
for any x ∈ F − k, F is algebraic over the subfield generated by the H-orbit of x. Set
where v : F × −→ Γ is the natural projection. The rank of v is r = dim Q Γ. Let us call the transcendence degree of F over F ′ the codimension of v.
The basic example of O v is, after a choice of x 1 , . . . , x n algebraically independent over k and of an embedding F j ֒→ lim
It is well-known, Exercise 32, Chapter 5, [AM] , that v(O p −℘) is the set of all non-negative elements in some isolated subgroup, and
2. There are proper inclusions G {F,Ov[x
Let P r L is the set of valuation rings or rank and codimension r in L, containing k, admitting also the following description. Let C r X be the set of chains of irreducible normal subvarieties up to codimension r on an irreducible proper normal variety X over k. Any birational morphism
C r X , where X runs over the models of L/k, and
, where C is a smooth proper model of the field L over k.
Lemma 3.1. If 0 ≤ r < n + 1 ≤ ∞ then the G-action on P r F is transitive.
Consider the set S of embeddings into F r of subfields in F containing k(x 1 , . . . , x n ), extending ϕ and respecting the valuation. The set S is partially ordered. Clearly, S contains maximal elements. Let
This shows that the embedding k(
), x j → X j , respects the valuation, and extends to an embedding F ֒→ F r , respecting the valuation.
Thus, any element of P r F is determined by a choice of x 1 , x 2 , · · · ∈ F algebraically independent over k and by an embedding of F into F r over k(x 1 , x 2 , . . . ). Clearly, the G-action is transitive on these data. As the centralizer of G † v is trivial, such sections form a G † v -torsor. One has a decomposition
Let B + be the group of linear transformations of Γ (isomorphic to the group of uppertriangular rational r × r matrices with positive diagonal entries), respecting the order, i.e. the flag of isolated subgroups 0 = Γ 0 ⊂ Γ 1 ⊂ · · · ⊂ Γ r = Γ and the orientation of each Let
, surjective and splitting, if the rank of v coincides with its codimension.
coincide on the category Sm G of smooth representations of G, if n = ∞ and the rank of v is finite, non-zero and coincides with its codimension.
Proof. The G v -action on F extends to a continuous G v -action on the completion F v of F , and the continuous G 1 v -action on F v is determined by the action on some r-tuple of elements, representing each of isolated subgroups of Γ and by the action on some maximal subfield with the trivial valuation. Clearly, the latter action is determined by its restriction to any transcendence basis over k. The second assertion follows from the fact that any open subgroup containing G 1 v coincides with G, which follows from Proposition 2.6.
1 One can apply the well-known fact that the coefficients of any algebraic (over k(t)) element of k((t)) generate in k a subfield of finite type over Q. 
We may assume that a j = 1 for some j.
and therefore, p ∈ P r L . To check that O p,v is a G v -orbit, we have to show that for any pair of embeddings
. According to Zorn's lemma, there are maximal elements in the set 
The set O p,v is non-empty, since the valuation p extends to L ∼ = F , and the group G permutes the elements of P r F (Lemma 3.1). 
Proof. We consider v and v ′ as a compatible system of points on smooth proper curves over k with the function fields embedded into F : if C β −→ → C α then v β → v α and v ′ β → v ′ α . One needs to check that there exist β and a map C β −→ → C such that v β → p and v ′ β → q. Choose a non-constant function x ∈ O(C\{p}), i.e. a surjective morphism C −→ P 1 sending to ∞ only p. Let C ′ −→ C be a cover such that the composition C ′ −→ C −→ P 1 is a Galois cover with the group A. For some α such that v α = v ′ α choose a surjection C α −→ P 1 such that v α → ∞ and v ′ α → x(q). Consider the normalization D of an irreducible component of C ′ × P 1 C α . The surjection D −→ C α is isomorphic to the surjection C β −→ C α for some β. Let π : C β −→ C ′ be the projection. As A acts transitively on the fibres of the composition C ′ −→ C −→ P 1 , there is an element γ ∈ A such that γπ(v ′ β ) belongs to the preimage of q. Then the composition C β γπ −→ C ′ −→ C maps v β to p, and v ′ β to q. Proposition 3.5. If r = 1 then the subgroup H, generated by G v and G v ′ , acts transitively 
v be a lifting of a transcendence basis of κ(v) over k(t). Set k 0 := k and define inductively a strictly increasing sequence of algebraically closed subfields in
is algebraic over the reduction of k ′ modulo m v and κ(v ′ ) is algebraic over the reduction of k ′ modulo m v ′ . This shows that we are reduced to the case of n = 1.
By Proposition 3.4, for any ξ :
(1)
Lemma 3.6. There is a canonical isomorphism
Let us check its injectivity:
Then τ σx/x = 1 + ax β and, if we set y := x(1 + ax β ) then x(1 + ax β + x β h) = y + o(y β+1 ), and thus,
Lemma 3.7. G 1 v (β) is surjective over G/G • for any β ∈ Γ ⊗ R. Proof. As G v is maximal and does not contain G • , it suffices to show that the subgroup generated by G 1 v (β) and
It remains to check that the subgroup generated by G 1 v (β) and
. So the composition of h with an appropriate element of
4. Valuations and the associated functors 4.1. The "globalization" functor. For a discrete valuation v ∈ P r F and for any W ∈ Sm G set W v :
Clearly, the additive functor 
is the function field of a smooth proper curve over k ′ . As the class of P in C k(X) belongs to the image of
By Corollary 3.5 from [R1] , the generic points k ′ (C)
) by an algebraic element f . According to Hensel's lemma, τ ξ 1 f = ξ 2 f . (Note, that one can replace PicC by an arbitrary smooth variety over k ′ .)
Thus, the kernel of s coincides with {τ σ − σ | τ ∈ G † v ∩ G F/k ′ }, and therefore, the generic
e. whose specializations are also generic) generate Pic(C F ).
Proof. This follows from Lemma 4.1 in the case of W = C k(X) . As C k(X) for all irreducible varieties X over k form a system of generators of I G , and the functor W → W v preserves the surjections, we get that
, the second follows from the first. One has ( For an integral normal k-variety X with k(X) ⊂ F let V(X) be the set of all discrete valuations of F of rank one trivial on k such that their restrictions to k(X) are either trivial, or correspond to divisors on X. Set W(X) := W G F /k(X) ∩ v∈V(X) W v ⊆ W .
Remark. W G F /k(X) ∩ W v depends only on the restriction of v to k(X), since the set of G F/k(X) -orbits G F/k(X) \G/G v of the valuations of F coincides, by Proposition 3.3, with the set of valuations of k(X) of rank ≤ r. E.g., if the restriction of v to k(X) is trivial then W G F /k(X) ⊆ W v . Consider the following site H. Objects of H are the smooth varieties over k. Morphisms in H are the locally dominant morphisms, transforming non-dominant divisors to divisors. Coverings are smooth morphisms surjective over the generic point of any divisor on the target.
Lemma 4.4. A choice of k-embeddings into F of all generic points of all smooth k-varieties defines a sheaf W on H for any W ∈ Sm G .
Proof. Clearly, if a dominant morphism f : U −→ X transforms divisors on U , nondominant over X, to divisors on X then V(U ) ⊆ V(X), so W(X) ⊆ W(U ). 
